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Estimate for the Perimeter in the Newtonian Three-Body Problem 
JOHN N. MATHER* 
Department of Mathematics, Princeton Unie;ersity, Princeton, New Jersey 08540 
In this exposition, we give a new proof of a theorem due to Sundman 
concerning solutions of the Newtonian three body problem. This 
theorem asserts that if the total angular momentum is nonzero, then the 
perimeter of the triangle formed by the three particles is bounded away 
from zero, for all time. This bound depends on the initial conditions, 
but is still valid if binary collisions are admitted, provided they are 
regularized. 
Using this theorem, Sundman was able to “solve” the three body 
problem in the sense of PainlevC. His solution consisted of expressing 
the positions qi of the particles and the time parameter t as analytic 
functions of an auxiliary parameter T. More precisely, he found a 
parameter T such that qi( T and t(7) are holomorphic in the unit disk ) 
[ T  1 < 1 and t is an increasing function of 7 for -1 < 7 < 1, taking 
all real values. Moreover, Sundman’s constructions provide an explicit 
method of computing the Taylor coefficients of qi(T) and t(T) iteratively, 
This method may not be very practical, however, for numerical com- 
putation. 
A detailed treatment of Sundman’s theory is given in Siegel-Moser 
[2, Chapter 11, as well as in Sundman’s paper [3]. 
We will prove a slightly stronger result than Sundman’s theorem. Let 
L denote the length of the total angular momentum vector, m, , m2 , m3 
the masses of the three particles, and E the total energy. Let u be the 
perimeter of the triangle formed by the three particles, so u is a function 
of t, u = o(t). Let rij be the distance between the ith particle and 
the jth particle, yij = rij(t). 
Let E > 0 be a small positive number. We will show that if L > 0, 
then there exists 6 > 0, depending only on L, E, m, , m2 , m3 , and E such 
that one of the following two alternatives holds. 
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Alternative (1). a(t) > 6 for all t. 
Alternative (2). There is a permutation {i, j, k} of (1, 2, 3) such that 
rij(t) < Erik(t) 
for all t and 
yir(t) - ClJ as t--+&co. 
In fact, a similar result was already proved by Birkhoff [l, Chapter IX] 
using Sundman’s method [3]. A very clear exposition of Sundman’s 
method is given in Siegel-Moser [2, Chapter I]. Our exposition of 
Sundman’s theorem is very much influenced by this book. 
Our purpose in writing this exposition is to give a treatment of 
Sundman’s theorem which is easily accessible to non-experts. Thus, 
we include material which is well known to experts in Sections l-4. 
The Section 5 contains our idea: from simple estimates involving 
energy and angular momentum, it follows that two particles must 
be orbiting about one another in an orbit of very low energy, in the case 
of low moment of inertia. Then the remaining particle has enough 
energy to escape as t -+ * co, which we show in Sections 6-X, by 
straightforward estimates. 
Saari has written me that he and Marchal have extended Sundman’s 
result to the n-body problem. According to what Saari has written me, 
they show, among other things, that if L # 0, then I is bounded away 
from 0 by a positive constant in any trajectory. If lim inf I/t2 = 0 as 
t + co or as t + - 00, then this constant can be determined as a 
function of the masses and / A 1 and E. 
I would like to thank Charles Fefferman and Jiirgen Moser for 
helpful comments and encouragement concerning this exposition. 
1. THE ~-BODY PROBLEM 
Here, we fix the notation which will be used in the rest of this paper. 
The (Newtonian) n-body problem concerns n point masses ml ,..., m, 
moving in Rs. We denote the position of the ith mass at time t by 
qi = qi(t). We denote the momentum by 
Pi = p,(t) = m, s (t). 
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We fix the center of mass at 0. Then, configuration space is defined 
as the set of n-tuples (qi ,..., qn) with qi E R3 such that qi + qj if i # j, 
and C miqi = 0. Phase space is defined as the set of n-tuples (ql ,..., qn , 
P, ,..., PA such that (ql ,..., qJ is in configuration space, pi E R3 and 
Cp, = 0. Kinetic energy is defined by 
and negative potential energy is defined by 
where 
The total energy h is defined by 
h = T - U. 
We define a vector field X on phase space by 
Trajectories of this vector field are solutions of 
the n-body problem, i.e., of the equations 
dpi au dqi i3T 
-=-1 -=- dt aqi dt ap, 
Newton’s equations for 
It will be convenient to use some notation from differential geometry. 
If f is any differentiable function on phase space, we let Xf be defined 
byXf(x) = X(x) -f = th e d irectional derivative off at x in the direction 
X(x). We will write f = Xf. The mapping f +f is a first order dif- 
ferential operator on functions on phase space. We have 
df -= 
dt f 
along any trajectory of X. We may iterate this definition and set 
f = X(Xf ), and so on. 
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We define the moment of inertia by 
We let 
R = SUP {Tij}, r = inf {Tij}* 
i<j i<i 
If f and g are positive functions on phase space, we write f-g 
and say f and g have the same order of magnitude if there exist C > 0 
such that 
c-lg < f < cg. 
For example, we clearly have 
I N R2, U - r-l 
Likewise, in the three body problem we have 
where (T denotes the perimeter of the triangle formed by the three 
particles. 
2. LAGRANGE'S EQUATION 
The following equation was proved by Lagrange 
&I= T+h = U+2h. (1) 
This is an equality of functions defined on phase space. It is very useful 
in the study of singularities of the n-body problem. 
Our proof of (1) follows [2]. Clearly 
where the product between vectors in R3 is the ordinary “dot” product, 
x . y = C xiyi if x = (x1 ,..., xJ, y = (yi ,..., yn). Then 
ESTIMATE FOR THE PERIMETER 267 
Since U is homogeneous of degree -1 in the coordinates qi , Euler’s 
formula gives 
Hence 
$I= 2T- U. 
From h = T - U, we then get (1). 
3. AN INEQUALITY 
The following inequality is also very useful in the study of singularities 
of the n-body problem: 
where A denotes the total 
21T > if2 + A2, 
angular momentum vector: 
(2) 
A=xPihqi. 
For the three body problem, this is proved in Birkhoff [I, Chapter 
1X(18)]. For the n-body problem, a weaker form of this inequality is 
proved in Siegel-Moser [2, Section 6, (4)]. Elegant proofs are given 
in Pollard [4] and Saari [5]. 
Now we prove (2). Let yi denote the angle between the vectors pi 
and qi , 0 < y < rr. Then 
Let 
Pi ’ 4i = I Pi I I Qi I cos Yi 7 I Pi * Qi I = I Pi I I qi I sin Yi . 
Then 
x = C I Pi I I Pi I cos Yi 7 Y = C I Pi I I 4i I sin Yi . 
$1 = x, IAl GYP 
so, letting x = x + ij~, we have 
it2 + A2 ,< x2 + y2 = 1 z I2 = 1 c 1 Pk 1 1 qk 1 eiyk I2 < (1 I Pk I I !?k i)2- (3) 
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But 
by the Schwarz inequality. Then (2) is an immediate consequence of 
(3) and (4). 
The inequality (2) may be rewritten as 
21( u + h) 3 )I” + AZ, 
since U f h = T. 
(5) 
If E is a real number, and L > 0, let fZE,L be the subset of phase 
space defined by h = E, 1 A 1 = L. Since h and A are integrals, this 
subset is invariant under the flow defined by X. Let n denote the 
projection of phase space on configuration space, i.e., 
“(41 9**-> 4n ~PlV.>AJ = (!I1 7**-> 4n). 
From (5) and the definition of QE,r., it follows immediately that we have 
2I(U + E) > L2, on +%,L). (6) 
Since U N r-l and I N R2, it follows that there exists C, > 0, depending 
only on m, ,..., m, , E, and L, such that 
r < C,R2, on +QE.L) n {R < 11. (7) 
Therefore, if the maximum distance between the particles is small, the 
minimum distance must be much smaller. 
4. JACOBI COORDINATES 
In the three body problem, when two of the particles are very close to 
each other in relation to the distance of either to the third particle, it 
is convenient to regard the system as a small perturbation of two inde- 
pendent 2-body systems. We consider the 2-body systems (1, 2) 
(consisting of the first and second particles) and (4, 3}, where 4 is an 
(imaginary) particle of mass m4 = m, + m, located at the center of 
gravity of particles 1 and 2. If 1 and 2 are close relative to their distance 
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to 3, then the three body system {1,2, 3) is a small perturbation of the 
juxtaposition of the two body systems (1,2} and {3,4}. Jacobi coor- 
dinates for configuration space are the pair (x, y), where x = q2 - q1 , 
Y = 43 - P4 9 and 44 = (*1q1 + *2q2)/(*1 + *2>- 
The kinetic energy Tl , moment of inertia Ii, angular momentum 
A, , and potential energy U, of the system {1,2}, measured with respect 
to the center of gravity of this system are: 
Tl = F (& - fj4)2 + F (Q2 - Qj*)2 = 2 $2, 
I1 = *1k - !?412 + *,(!I2 - %I2 = PlX2Y 
4 = 141 - 44) A *1(41 - 44) + f&2 - 44) * mz(P2 - 44) = PlX A x, 
u1 = y m1m2 
=m9 
where pl = mlm21(*, + m,). Let p4 = (ml + m2> P4 = ml& + m2& 
measure the momentum of particle 4. The corresponding quantities 
for the system {3,4} are defined by 
T2=m,~32+?&j42=!%j2 
2 2 2 ’ 
I2 = *dh2 + *4q42 = p2y2, 
A2 = 43 A ~3 + 44 A P, = ~2y A j, 
u, = -$ fv4 
=Iyly 
where rs4 = I q3 - qr /, and p2 = (m, + m,)m,/(m, + m2 + ma). It is 
well known from theoretical mechanics (and, in any case, easily verified) 
that: 
T = Tl + T2, 
I = I1 + 4 > 
A = A, + A,. 
On the other hand, we do not have U = 7Ji + U, , and we will define 
us by 
u = u, + u, + u, . 
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Then, we have 
It is easily seen that in the case of the 2-body problem, the inequality 
(2) is an equality. Thus, we have 
211Tl = all2 + Al2 
212T2 = &” + A22 
(9) 
This may also be seen from the definition of Ii, Tl , etc. in terms of 
Jacobi coordinates. 
We will define h, = Tl - U, , h, = T2 - U, . Then 
h = h, + h, - u, . 
5. SMALL MOMENT OF INERTIA 
We assume from now on that the energy E, and the length L > 0 
of the angular momentum vector are given in advance. We have already 
seen (inequality 7) that when the moment of inertia is small, the distance 
between two of the particles is small relative to the distance of either 
to the third. 
In this section, we consider the situation when the moment of inertia 
is small, and label the two close particles 1 and 2. We will show: first, 
the angular momentum 1 A, 1 of the subsystem (1, 2) is small (inequality 
10); second, the energy h, of the system (4, 3) is large (inequality 12); 
and third, the negative of the energy h, of subsystem (1, 2) is large 
(inequality 14). The latter two facts suggest that particle 3 should 
escape from particles 1 and 2, and this is what we prove in later sections. 
Clearly, we have 
II N r2 on {Y,, = r} 
T,< T= U+Ewr-l on {r12 = r}nQE,Ln{I < 6,) 
if Si > 0 is sufficiently small. 
Therefore, there exists a constant C, > 0 such that 
Al2 < 2I,T, < C2r on {r12 = ~1 n QEJ A {I < h>, WY 
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provided, again, that 6, is sufficiently small. Here, the first inequality 
follows from (9). In view of the equations A = A, + A, and 1 A 1 = L, 
we have 
I A2 I a L/2 on {y12 = y> n -QE,L n V -c S,>, 
provided that 6, is sufficiently small. 
From (9), we then obtain 
(11) 
2I,(U, + h2) = 2&T, 3 L2/4, on {y12 = y>nV < W-%,L. 
Since U, N R-l and Ia N R2 on {I < S,> n {ri2 = P}, it then follows 
that there exists C, > 0 such that 
h, = T, - U, 3 C,R-2 on (r12 = Y} n {I < S,) n Q,,, (14 
provided 6, is sufficiently small. 
Using the mean value theorem, we obtain from (8) that there exists 
C, > 0 such that 
1 U, 1 < C,R-% on P12 = y> n V -c %I n QE,L , 
provided 6, is sufficiently small. From (7), it then follows that there 
exists C, > 0 such that 
I u3 I G c5 on {r12 = Y} n {I < S,} n QEpr. (13) 
Using (12), (13), and the equality E = h, + h, - U, , we then 
obtain that there exists C, > 0 such that 
-h, 2 C,R-2 on (y12 = Y} n (I < S,} n QE,, . (14) 
6. ESTIMATE FOR 1 h1 1 
From 
h 1 =bk2- m1m2 2 -pi-j-’ 
we obtain 
x.32 
h, = p$*.% + mlrnZw 
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Using Newton’s equations in the form, 
we obtain 
It follows that there exists C, > 0 such that 
provided E > 0 is sufficiently small, where 
The formula for h, we gave above may be rewritten in the form 
m1m2 m1m2 
2h + m2) 
212 - - = h, 
Y  
In the case h, < 0, we may maximize or subject to (16), if we think of 
h, as a constant, and v and Y as variables. First, we observe that (16) 
defines r as a single valued differentiable function of v, for v > 0. 
Moreover r(v) is asymptotic to v-~ as v --+ co. It follows that VT(V) ---f 0 
as v --+ 0, co. Since W(V) > 0 for v > 0, it follows that vr takes a 
maximum value for some 0 < v,, < co, and d/dv (VT(V)) = 0 at v = v,, . 
It is an easy exercise in calculus to see that d/dv (TV) vanishes only when 
t-v2 = m, + m2 , 
so rv takes its maximum where this equation is satisfied. 
A straightforward computation shows that the maximum value of or is 
C8(-h1)-1/2 where C, = ((ml + m,) ~z,m,/2)‘/~. Therefore 
VY < C*(-h&1/2 
when h, < 0. Combining this with (14) and (15), we get that there 
exists C, > 0 such that 
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provided 6, is small enough. Here, we use (6) to conclude that rr2 < err3 
on {r12 = r} n (I < S,} n QE,, . 
Thus, the logarithmic derivative of --h, is bounded on {r12 = Y> n 
(1 < S,> n LZE,L . Since (14) shows that h, + co as the trajectory 
approaches triple collision, we conclude that triple collision cannot 
occur. 
7. ESTIMATE FOR 1 A, 1 
From A, = prx A 3i*, we obtain 
A, = plx A 2 = ,Im;lm2 (41 - 42) * (!A - 42) 
Using the formula 
ml& = m1m2 , i: 1 if ,3 + me 
43 - 41 
I43 - 41 13' 
and the similar formula for ma& , we obtain 
A, = z;22 (41 - 42) A ( , ,',"I;;,, - q3 - q2 
I !?3 - 43 I3 
) 
= zyG2 (Ql - !?a) A [(cl3 - 41) ($ - yk) + (Q3 - 42) ($ - $1. 
Thus, we obtain 
) A, 1 < C,,,Y~R-~ 
for a suitable C,, > 0. 
on (4 < 121, 
8. MORE ON SMALL MOMENT OF INERTIA 
In this section, we will discuss the behavior of the system in a time 
interval [to , tJ, during which the moment of inertia remains small. 
As we have seen, when the moment of inertia is small, two particles 
are close to one another relative to their distance to the third. We will 
continue to label the two close particles 1 and 2. 
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If 1 is small, then U is large. Therefore, by choosing 6, sufficiently 
small, we may suppose 
1>1 on V < W-%,L, 
since +i’ = U + 2E on SZE,L , by Lagrange’s equation (1). If we choose 
6, this way, and I(&) < 6, , then there is clearly a point t- < t, and a 
point t, > t, such that I(t-) = I(t+) = 6, and I(t) < 6, for t- < 
t < t, . Since l(t) > 1 and 0 < I(t) < 8i for t- ,< t < t, , it follows 
that 
t, - t- < fi. 
This signifies that we have an upper bound on the size of the interval 
[t- , t+l. 
Since we also have an upper bound on the logarithmic derivative of 
--h, (Section 5), it follows that there exists p > 0 (independent of to) 
such that 
I log(--h,(s)) - log( < PP if t- < s < t < t+ . 
Combining this with (14), we see that for any v > 0, we may choose 
8s > 0 such that if I(&,) < 6, , then 
--h,(t) > v, for t- < t < t, (17) 
For, by choosing 6, small enough, we may arrange for --h,(t,) to be as 
large as we like (by Eq. 14) and then since we have a bound on the 
change of log{ --h,( t)), we may also arrange for --h,(t) to be as large as 
we like, in the whole interval [t- , t+]. 
The inequality --h,(t+) > v is half of what we need to show that 
particle 3 escapes (next section). We will also need 12(t+) > 0. This 
may appear intuitively obvious, but we will give a rigorous proof below. 
As a special case of (9), we have 
2I,T, = ii,” + AZ2 
or 
2T2=fe+9 
2 
where 
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We have 
Thus 
T2 = h, + U, = E - h, + U, + U, . 
2(E - h, + U, + U,) = i” + 9. 
2 
(18) 
In view of (lo), we may arrange for 1 A, j to be as small as we like 
in the interval t- < t < t, , by choosing 6, sufficiently small. Since 
A = A, + A, and 1 A / = L, we may suppose 1 A,(t)] < 2L for 
t, < t < t, . 
We have seen that for any v > 0, we may choose 6, > 0 such that 
if I(&) < 6, , then (17) holds. Thus, we may assume --h, is as large 
as we like in the interval [t- , t+]. It follows that we may assume Ii 
is as small as we like in the interval [t- , t+], since I1 N U;-” and 
U1 > --h, . We will assume that I1 < a,/6 in [t- , t+]. 
Let t, be the unique t such that t, < t, < t, and I(tJ = &/2. 
Such a t, will exist and be unique provided 6, is chosen <6,/2, since 
I(tJ < S2 and 1 > 1 in the interval [to , t+]. Then we will have j(t) > 0 
for t, < t < t, . Moreover, since I = I1 + 12, 1r < 646 in [t- , t+], 
and I(tl) = SJ2, I(t+) = 6, , we have 
Now we obtain a consequence of (18). Since 1 A, 1 < 2L and I2 >, a,/3 
in [tl , t+], and U, >, 0, [ U, 1 ,< C, in [tl , t+] (inequality 13), we have 
bY (1% 
1” 3 2(-h, + E - 6L2/6, - C,) 
in the interval [tl , t+]. We choose 
v > -E + (6L2/S,) + C, 
and 6, so small that (17) holds. The above inequality then gives 
J” > 2(v + E - 6L2/6, - C,) > 0 
in [G , t+l. 
In particular, J does not change sign in [tl , t+]. Since (19) holds, 
we have J(t+) > f(tJ. H ence J(t+) > 0 and f2(t+) > 0. 
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To summarize this section, we have proved the following lemma for 
any trajectory which satisfies h = E, / A 1 = L. 
LEMMA. Suppose 6, > 0 is suj’iciently small. For any v > 0, there 
exist 6, > 0 such that the following holds. Suppose I(&) < Sz and let t, 
be the unique number such that t, < t, , I(t+) = 6, and I(t) < 6, for 
t, < t < t, . s pp u ose 1 and 2 are the near particles. Then 
-W+) > v 
Ut+) > 0 (20) 
I 4!(t+)l 6 2L* 
9. ESCAPE 
In this section, we will show that if the moment of inertia is small at 
some time, then the third particle escapes from the two close particles 
as t --+ h CO. Obviously, by symmetry, it is enough to prove this for 
t+ 03. 
As in the previous section, we consider a trajectory for which I(&) < 6, 
for some t, , and let t, be the least number &, such that I(t+) = S, . 
Our strategy will be to use Eq. (18) to show J” is large for all t > t, . 
Note that in view of the inequality f2(t+) > 0 given in (20), J” > 0 
for all t > t, implies J > 0 for all t > t, . Thus, we will have J > 0 
for all t > t, , and this implies escape. 
To carry out this strategy, we will show that -h, and A, do not 
change too much for t > t, , and that / U, 1 is small for t 3 t+ . Since 
U, > 0, this will be enough, in view of (18) and (20). 
We let t, denote the supremum of the s such that 
-h,(t) 3 v - 2 
&> > 0 (21) 
I 4t)l d 3L 
for t, < t < s. By (20), t, exists. We will show t, = co, by obtaining 
a contradiction under the hypothesis that t, is finite. 
Now we suppose t, < t < t, and obtain bounds on two quantities 
which appear in (18). 
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First, we obtain an upper bound on Az2/I, . According to the previous 
section, II(t) < S,/6 for t- < t < t, . Since I = I1 + I, , we then 
obtain Iz(t+) 3 56,/6. On the other hand, la(t) >, 0 for t, < t < t, 
by (21), so we obtain 
4(t) 2 5Vi t, < t < t, . (22) 
Since we have assumed 1 A,(t)1 < 3L for t, < t < t, , it follows that 
A2(t)2 < llL2 
r,o‘s, 
t, < t < t, . 
Next we obtain an upper bound for 1 U, (. For this, we use the 
estimate 
I 4 I < C,R-2r, 
which is a consequence of (8) and the mean value theorem, and is valid 
for r = r12 < S, and R > R,, , p rovided 6, is sufficiently small in 
relation to R,, . By (22), we may find R, > 0, depending only on Sl , 
ml , m2 y ma , such that R(t) 3 R, for t, < t < t, . Then we choose 
6, > 0 so small that the inequality displayed above holds if Y = 
rla < 6, . We also suppose 8, is so small that 
C,R,%, < 1. 
Finally, we choose v so large that --hi > v - 2 implies Y < 6, . Then 
we have r(t) < 6, in the interval t, < t < t, . 
Since r(t) < 6, and R(t) > R, in t, < t < t, , it follows that 
I u, I < C&L”% -=I 1, t, < t < t, . (24) 
Now we plug the estimates (21) (f or --hi), (23), (24), and the inequality 
Us > 0 into (18). It follows that for any 7 > 0 we can choose v so large 
that p(t) > q2 for t, < t < t, . From the inequality f2(t+) > 0, given 
in (20), it follows that 
i(t) 2 771 t, < t < t, . (25) 
For any functionf on phase space, let df = supd <s 1<1 If(s) -f(t)j. 
Since J N 
+--,-a 
R on the set where r = ria < R/10, we have for rf sufficiently 
large, 
AA, < L/2 (26) 
607/20/2-12 
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by (25) and the estimate on A, = -Aa in Section 7. Likewise, we have 
Ah, < 1 (27) 
by (25), (15), and the inequality vr < Cs(-h1)-1/2 of Section 5. 
If t, is finite, (20) and (27) imply 
-h,(t,) 3 v - 1. 
Likewise (25) implies 
In addition (20) and (26) imply 
I A,G,)I d 5w. 
But these inequalities contradict the hypothesis that t, is the supremum 
of the set of s such that (21) holds on the interval t, < t < s. 
Since this contradiction is based on the assumption that t, is finite, 
we conclude t, = co. 
10. END OF PROOF 
It is almost immediate that one of the two alternatives which we 
listed in the introduction holds. Since 1 - a2 we may choose 6 such that 
o(t,) < 6 implies I(t,) < 6, . Thus, if alternative (1) does not hold, then 
I(&) < 6, for some t, . By the last section, then --h,(t) >, v - 2 for all 
t > t, . A similar argument shows --h,(t)>v-2 for all t<t-. 
Moreover, we have shown --h,(t) > v for t- < t \< t, . Since v may 
be chosen to be arbitrarily large if 6, is chosen to be small enough, 
particles 1 and 2 remain as close together as we want for all time. This 
observation, together with (7), yields r12(t) ,< e-,,(t) for all t. Since 
we have shown particle 3 escapes as t --+ f 00, it follows that both 
conditions of alternative 2 hold. 
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